Quasi-periodic brightness oscillations with frequencies in the range 500-1200 Hz have recently been discovered in seven low-mass X-ray binaries. These oscillations are very strong, with rms amplitudes ranging up to ∼ 20%, and are remarkably coherent, with ν/∆ν ratios as high as ∼ 200. A pair of high-frequency QPOs has been detected in four of the seven sources. Here we propose a model for these kilohertz quasi-periodic oscillations in which the higher (∼ 900-1200 Hz) frequency is the Keplerian frequency ν Ks at the sonic point at the inner edge of the Keplerian disk and the lower (∼ 600-800 Hz) frequency is the beat between ν Ks and the ∼ 150-500 Hz spin frequency ν spin of a weakly magnetic (B s ∼ 10 7 -10 9 G) neutron star. If the magnetic field of the neutron star is too weak (B s ≪ 10 7 G) or the mass accretion rate is too low, this beat frequency may not be visible. This model is consistent with the magnetic fields, accretion rates, and scattering optical depths inferred from previous modeling of the X-ray spectra and rapid X-ray variability of the atoll and Z sources, and explains naturally the observed frequencies of the kilohertz 1 Compton Gamma-Ray Observatory Fellow.
INTRODUCTION
Observations of low-mass X-ray binaries (LMXBs) using the Rossi X-ray Timing Explorer have revealed that at least seven produce quasi-periodic X-ray brightness oscillations (QPOs) with frequencies ν QPO ranging from ∼ 500 Hz to ∼ 1200 Hz (Sco X-1: van der Klis et al. 1996a,b,d; 4U 1728 4U −34: Strohmayer et al. 1996a 4U 1608 4U −52: Berger et al. 1996 ; 4U 0614+091: Ford et al. 1996 , van der Klis et al. 1996c 4U 1636 −536: Zhang et al. 1996 , van der Klis et al. 1996c ; KS 1731−260: Morgan & Smith 1996; 4U 1735 4U −444: Wijnands et al. 1996a ). The peaks in power density spectra produced by these QPOs are remarkably narrow, with FWHM ∆ν QPO as small as 0.005 ν QPO . Four of the stars that have been seen to produce kilohertz QPOs are "atoll" sources, one (Sco X-1) is a "Z" source, and two (4U 0614+091 and KS 1731−260) have not been classified previously (see Hasinger & van der Klis 1989 for the definitions of these source classes).
A pair of high-frequency QPOs has been detected in four sources: 4U 1728−34, 4U 0614+091, 4U 1636−536, and Sco X-1. In 4U 0614+091 (Ford et al. 1996) and the atoll source 4U 1728−34 (Strohmayer et al. 1996a,b,c) , the frequencies of the pair of QPOs seen between type I (thermonuclear) X-ray bursts are strongly positively correlated with countrate (d log ν/d log CR > ∼ 1) and have been seen to vary by as much as a factor ∼ 2. In these two sources the difference between the frequencies of the two QPOs in the pair appears to be constant, within the errors. In 4U 1728−34 a strong (rms amplitude up to 10%), relatively coherent (∆ν < ∼ 0.1 Hz) oscillation with a frequency consistent with the 363 Hz difference between the frequencies of the two high-frequency QPOs has been detected in six of eight X-ray bursts so far observed (Strohmayer et al. 1996b,c) . An oscillation with a frequency near the difference frequency has been detected with marginal significance in 4U 0614+091 during one 30-min interval (Ford et al. 1996) . A QPO pair has also been detected in the Z source Sco X-1 (van der Klis et al. 1996a,b,d) , with frequencies that are also strongly positively correlated with countrate. However, in Sco X-1 the difference frequency was found to be 247 Hz in 1996 February but 292 Hz in 1996 May, a significant change (van der Klis et al. 1996b) . In contrast to the high-frequency QPOs observed in 4U 0614+091, 4U 1728−34, and Sco X-1, the frequency of the 800 Hz QPO seen in the atoll source 4U 1608−52 does not seem to be correlated with countrate in any simple way (Berger et al. 1996) .
The high-frequency QPOs seen in the atoll sources have rms amplitudes ranging up to 20%, typically much greater than the < ∼ 1% amplitudes of the high-frequency QPOs observed in Sco X-1. Where the photon-energy dependence of the QPO amplitude has been studied (4U 1728−34: Strohmayer et al. 1996c; 4U 1608 4U −52: Berger et al. 1996 4U 1636 4U −536: Zhang et al. 1996 , the QPO amplitude has been found to increase steeply with photon energy, up to at least 10 keV.
The mechanisms responsible for these high-frequency QPOs are still unknown. The appearance of pairs, although not universal, appears to be so widespread that attention has focused on models that can produce these pairs. A model that may be able to explain QPO pairs is the magnetospheric beat-frequency QPO model proposed by and Lamb et al. (1985) and developed further by Shibazaki & Lamb (1987) . In this interpretation the higher frequency is the Keplerian frequency at the magnetospheric boundary whereas the lower frequency is the difference between this Keplerian frequency and the stellar spin frequency.
In our view the magnetospheric beat-frequency model has difficulty in explaining several key features of the kilohertz QPOs. First, as noted above the high-frequency QPOs are remarkably coherent (ν QPO /∆ν QPO ∼ 200) whereas semi-analytical (Ghosh & Lamb 1979 ) and numerical (Daumerie & Lamb 1996 , 1997 calculations of the width of the boundary layer at the inner edge of the disk give r/∆r ∼ 3-20 and the observed coherence of the horizontal-branch QPOs (HBOs) in the Z sources, which are thought to be magnetospheric beat-frequency QPOs (see § 2), is relatively low (ν QPO /∆ν QPO ∼ 3). Second, the steep increase of the QPO frequency with countrate poses a problem, because the inner radius of the Keplerian disk is only a weak function of the mass accretion rate (∝Ṁ −0.25 ; Ghosh & Lamb 1992 ) for the gas-pressure-dominated disks expected in the atoll sources. The steep dependence of the Z-source HBO frequency on countrate is natural if, as expected in sources accreting at the high rates of the Z sources, the neutron star has been spun up to spin frequencies near the Keplerian frequency at the inner edge of the disk, so the beat frequency is small compared to the Keplerian frequency. However, in the sources that show high-frequency QPO pairs, the frequency of the higher-frequency QPO (which would be the Keplerian frequency in this interpretation) and the frequency of the lower-frequency QPO (which would be at the beat frequency in this interpretation) both depend steeply on countrate. Moreover, the frequency of the lower-frequency QPO is a substantial fraction (up to ∼ 0.6) of the frequency of the higher-frequency QPO. Hence the steep dependence of the frequencies of these QPOs on countrate cannot be explained in the same way as the frequency dependence of the HBO in the Z sources. Third, the similarity of the frequencies in sources as diverse as 4U 1728−34 and Sco X-1 would require an unexplained correlation between neutron star magnetic field and accretion rate. Finally, the very large (up to ∼ 20%) rms amplitudes of the QPOs at what would be the Keplerian frequency in this interpretation are difficult to explain in the magnetospheric beat-frequency model because there is little luminosity released at the inner edge of the disk and beaming due to occultation is suppressed by scattering of photons by the surrounding gas (see Lamb 1986 ). The first three of these points are discussed further in § 2.
Here we propose a different model for the high-frequency QPOs in which the higher (∼ 900-1200 Hz) frequency is the Keplerian frequency ν Ks at the sonic point at the inner edge of the Keplerian disk and the lower (∼ 600-800 Hz) frequency is the beat between ν Ks and the ∼ 150-500 Hz spin frequency ν spin of a weakly magnetic (B s ∼ 10 7 -10 9 G) neutron star. Depending on the size of the neutron star and the accretion rate, either radiation drag or general relativistic corrections to Newtonian gravity cause plasma orbiting near the star to make a very sharp transition from subsonic to supersonic radial inflow. As a result, clumps in the plasma passing through the sonic point fall supersonically to the stellar surface without dissipating, producing a denser flow and slightly brighter X-ray emission at arc-shaped impact footprints around the star's rotation equator. The radiation pattern generated by these footprints rotates around the star quasi-periodically, with a frequency equal to the Keplerian frequency at the sonic point. From the point of view of a distant observer whose line of sight is inclined with respect to the star's spin axis, the brighter arcs are periodically eclipsed by the star. As a result, the X-ray flux and spectrum seen by the observer oscillates strongly and quasi-periodically at the pattern rotation frequency, which is the Keplerian frequency at the sonic point, ν Ks .
If the magnetic field of the neutron star is weak but not negligible, it will channel some of the accreting gas near the star, creating a weakly beamed pattern of radiation that rotates with the star. The resulting rotating pattern of radiation from the stellar surface produces quasi-periodic oscillations in the radiation force acting on the plasma at the inner edge of the Keplerian disk, which quasi-periodically modulates the density of the supersonic inflow from clumps passing through the sonic point at the beat frequency between the Keplerian frequency at the sonic point and the spin frequency of the neutron star. As this density modulation arrives at the stellar surface, it produces a modulation in the luminosity and spectrum of the star at the sonic-point beat frequency ν Bs ≡ ν Ks − ν spin . Scattering by electrons in the hot central corona that is thought to be present around these neutron stars will suppress the intrinsically weak beaming oscillations at the stellar spin frequency as well as oscillations at other frequencies, making them very weak or even undetectable with current instruments. In some cases the magnetic field of the neutron star may be so weak that there is no QPO at the sonic-point beat frequency, even though a QPO at the sonic-point Keplerian frequency is visible.
We show that if, as in the sonic-point model, the frequencies of the kilohertz QPOs are Keplerian frequencies, then measurements of these frequencies will provide new bounds on the masses of neutron stars and the equation of state of matter at high densities.
In § 2 we summarize briefly the current understanding of the properties of neutron stars in LMXBs. In § 3 we analyze the physics of the sonic-point model and demonstrate that it is consistent with the basic properties of the high-frequency QPOs. In § 4 we first show that the sonic-point model is also consistent with the existing physical picture of the Z and atoll sources, which is based on their spectral behavior and X-ray variability at lower frequencies. Next we show that the model is consistent with many of the detailed properties of the high-frequency QPOs and discuss the bounds on the properties of dense matter and neutron stars that follow from the sonic-point model. Finally, we discuss several specific predictions of the model.
PROPERTIES OF THE NEUTRON STARS IN LMXBS
Any model of the kilohertz QPOs obviously must be consistent with the properties of the atoll and Z sources in which these QPOs occur. Hence, before analyzing the sonic-point QPO model of the kilohertz QPOs in more detail we first summarize briefly the X-ray spectral and lower-frequency X-ray variability properties of atoll and Z sources and then sketch the physical picture of these sources that has been developed based on their previously known properties.
The atoll sources are LMXBs that, over time, trace atoll-shaped patterns in X-ray color-color diagrams. They are thought to have luminosities L ∼ 10 36 -10 37 ergs s −1 . Power density spectra of their brightness variations show broad, band-limited noise components at frequencies below ∼ 100 Hz (Hasinger & van der Klis 1989) . No QPOs have so far been detected at these low frequencies in any of the atoll sources with the exception of Cir X-1, which shows a QPO with a frequency that varies with countrate from 1 to 12 Hz when it is very bright Shirey et al. 1996) .
The Z sources are LMXBs that produce a characteristic Z-shaped track in X-ray color-color diagrams. They are thought to have luminosities L ∼ 10 38 ergs s −1 , i.e., close to the critical Eddington luminosity L E for plasma of cosmic composition being accreted by a 1.4 M ⊙ neutron star. The three branches of the Z are called the horizontal, normal, and flaring branches. When a Z source is on the horizontal branch, a QPO with a frequency in the range 20-60 Hz is observed (van der Klis et al 1985; van der Klis 1989) . The relative peak width of this "horizontal branch oscillation" (HBO) is typically ∆ν/ν ∼ 0.3, and its centroid frequency generally increases with increasing countrate. The HBO is always accompanied by a low-frequency noise component in the power spectrum. As a Z source moves down the normal branch, the HBO becomes weaker and eventually disappears into the noise continuum. Near the middle of the normal branch, a different QPO with a frequency in the range 4-8 Hz appears (Middleditch & Priedhorsky 1986; van der Klis 1989) . The properties of this QPO do not vary appreciably on the normal branch. As a Z source moves from the normal branch to the flaring branch, the frequency of this second QPO increases abruptly and the QPO becomes weaker and less coherent, eventually disappearing into the noise. This QPO is the "normal/flaring branch oscillation" (N/FBO). In addition to these two types of quasi-periodic oscillations, power spectra of the brightness variations of the Z sources also show three distinct band-limited noise components at frequencies below ∼ 200 Hz (Hasinger & van der Klis 1989) . The properties of the QPO and noise components vary systematically with the position of a source on its Z track (Hasinger & van der Klis 1989 ; see , and Wijnands et al. 1996c for detailed studies of this behavior and possible exceptions). Recent analyses of archival EXOSAT data Kuulkers et al. 1995 Kuulkers et al. , 1996 suggest that the Z sources can be subdivided into two groups, based on the morphology of their Z tracks and power spectra: the "Cyg-like" Z sources (Cyg X-2, GX 5−1, and GX 340+0) and the "Sco-like" Z sources (Sco X-1, GX 17+2, and GX 349+2). At a more detailed level, GX 17+2 shares some of the characteristics of the "Cyg-like" sources and therefore probably has intermediate properties (Hasinger & van der Klis 1989; Wijnands et al. 1996b ).
The magnetic field of the neutron star and the accretion rate are thought to be the most important parameters that determine the X-ray spectral and temporal characteristics of the atoll and Z sources. According to the most complete and self-consistent current model of these sources, the so-called unified model (Lamb 1989 (Lamb , 1991 , the atoll and Z sources are neutron stars with magnetic fields < ∼ 5 × 10 9 G accreting matter from a disk fed by a low-mass companion star.
If the star's magnetic field is strong enough, it will at least partially disrupt the Keplerian flow before it reaches the stellar surface. Ghosh & Lamb (1992) have derived relations for the inner radius ̟ 0 of Keplerian flow for gas-pressure-dominated (GPD) and radiation-pressure-dominated (RPD) inner disks. These relations can be rewritten to give the stellar dipole magnetic moment µ 0 that corresponds to a given Keplerian frequency and mass accretion rateṀ i through the inner disk at ̟ 0 . The result is
where µ 0,27 ≡ µ 0 /10 27 G cm 3 . Figure 1 shows relations (1) for a range of Keplerian frequencies and neutron star masses.
According to the magnetospheric beat-frequency model of the Z-source HBO Lamb et al. 1985; Shibazaki & Lamb 1987 ) the Keplerian disk flows in the Z sources are thought to to be at least partially disrupted at 2-3 stellar radii, implying that these stars have magnetic fields ∼ 5 × 10 8 -5 × 10 9 G. The atoll sources have not previously shown any direct indications that they have extensive magnetospheres (e.g., no HBO-like QPOs have ever been observed in an atoll source), and hence they are thought to have magnetic fields < ∼ 5 × 10 8 G.
The inferred magnetic fields of the Z and atoll sources constrain any model of the newly discovered high-frequency QPOs that identifies the frequencies of these QPOs as a Keplerian frequency in the accretion disk. In any such model, the Keplerian disk must not be completely disrupted by the stellar magnetic field at a radius smaller than the radius at which the Keplerian frequency is equal to the frequency of the QPO. This means that the dipole moment of the neutron star must be less than the value µ 0 plotted in Figure 1 .
Figure 1 also demonstrates that if one were to identify the frequencies of the highest-frequency QPOs as the Keplerian frequency at the radius where the Keplerian flow is disrupted by the stellar magnetic field, then because these frequencies are remarkably similar in sources as different as 4U 1728−34 and Sco X-1, there would have to be a (so far unexplained) correlation between the maximum accretion rates of these sources and the strengths of their dipole magnetic fields, i.e., the magnetic fields of these sources would have to lie near the line marked "1100 Hz".
Relations (1) can be solved for the Keplerian frequency at the radius where the Keplerian flow is disrupted by the stellar magnetic field as a function ofṀ . The result is ν K0 ∝Ṁ 0.4 for a GPD disk and ν K0 ∝Ṁ 0.2 for an RPD disk, variations much weaker than the observed variation of the frequencies of the high-frequency QPOs with countrate (see § 1). Hence if one were to identify the frequencies of the highest-frequency QPOs as the Keplerian frequency at the radius where the Keplerian flow is disrupted by the stellar magnetic field, it would be difficult to explain why the increase of these frequencies with countrate is so steep.
The X-ray spectra of the Z and atoll sources and the low upper limits (a fraction of 1% in some cases) on the amplitudes of any periodic variation of their persistent X-ray brightness at the stellar spin frequency impose additional constraints on any model for the high-frequency QPOs. The low upper limits on periodic oscillations can be understood if the inner disk and magnetosphere are surrounded by a central corona with an electron scattering optical depth > ∼ 5, even at low accretion rates (Lamb et al. 1985; Brainerd & Lamb 1987; Lamb 1989 Lamb , 1991 , since such a corona strongly suppresses the X-ray flux oscillations produced by rotation of a radiation pattern with the star. When the total luminosity of the neutron star, central corona, and inner disk becomes comparable to L E , as in the Z sources, the outward radiation force drives plasma out of the disk and radiation drag removes its angular momentum in less than one orbit, creating a region of approximately radial inflow extending out to ∼ 300 km (Lamb 1991) . Oscillations in this radial flow are thought to be responsible for the N/FBOs (Lamb 1989; Fortner et al. 1989; Fortner 1992 ). Scattering of radiation by the electrons in the central corona and, in the Z sources, the radial flow, strongly suppresses X-ray flux oscillations produced by any rotating radiation pattern, such as one produced by luminous or obscuring clumps in the accretion disk (Lamb 1986 ). This effect is discussed further in § 3.3.
Detailed modeling (Psaltis, Lamb, & Miller 1995; of the X-ray spectra of the atoll and Z sources indicates that soft photons are produced by thermal emission from the surface of the star and cyclotron emission in the magnetosphere. The strength of the stellar magnetic field and the mass accretion rate determine whether the stellar surface or cyclotron emission in the magnetosphere is the dominant source of soft photons. The soft photons are upscattered by electrons in the magnetosphere and the central corona. In the Z sources, cooler electrons in the region of nearly radial inflow further deform the radiation spectrum.
Cyclotron emission is the dominant source of soft photons when the upscattered cyclotron photons are able to supply the accretion luminosity. Within the magnetosphere the spectrum of self-absorbed cyclotron photons can be approximated by a blackbody spectrum truncated at the energy at which the cyclotron emission becomes optically thin (see Psaltis, Lamb, & Miller 1995) . Comptonization in the magnetosphere and central corona increases the energy of a typical photon by a factor ∼ e y , where y ≡ (4k B T e /m e c 2 ) max{τ, τ 2 } is the Compton y parameter, T e and m e are the electron temperature and rest mass, and τ is the electron scattering optical depth (Rybicki & Lightman 1979, chapter 7) . Hence cyclotron emission is the dominant source of soft photons when
whereṀ ns is the mass accretion rate onto the neutron star, R cy is the effective radius of the cyclotron photosphere, n is the harmonic number at which the transition from optically thick to optically thin emission occurs, and R is the radius of the neutron star. Figure 1 shows how µ cyc,27 depends onṀ for the range of electron temperatures expected in the magnetosphere and central corona.
As Figure 1 shows, if the star's magnetic field is ∼ < 5 × 10 8 G and the accretion rate is ∼ 0.01-0.03Ṁ E , the dominant source of photons is thermal emission from the surface of the neutron star. Numerical calculations of the X-ray spectra produced by stars with these properties agree well with EXOSAT observations of the spectra of the subgroup of atoll sources that call "4U" atoll sources (4U 1636−53, 4U 1705−44, 4U 1820−30, 4U 1608−52 and 4U 1728−34) .
If instead the star's magnetic field is ∼ 5 × 10 8 -5 × 10 9 G and the accretion rate is ∼ 0.05-0.1Ṁ E , cyclotron emission is the dominant source of photons, which are then upscattered by the electrons in the magnetosphere and the central corona. Numerical calculations of the X-ray spectra produced by stars with these properties agree well with EXOSAT observations of the spectra of the subgroup of atoll sources that Psaltis & Lamb call the "GX" atoll sources (GX 9+1, GX 9+9, GX 3+1, and GX 13 + 1). One atoll source, 4U 1735−44, has intermediate spectral properties and therefore probably has a magnetic field of intermediate strength.
If the stellar magnetic field is > 10 9 G and the mass accretion rate is > 0.5Ṁ E , electron cyclotron emission in the magnetosphere is very efficient in producing soft photons, which are Comptonized by the electrons in the magnetosphere, the central corona, and the region of nearly radial inflow. The X-ray spectra and colors computed in this case agree well with EXOSAT and Ginga observations of the X-ray spectra and color tracks of the Z sources (Psaltis, Lamb, & Miller 1995; . In particular, the "Cyg-like" sources are found to have magnetic fields ∼ > 5 × 10 9 G, whereas the "Sco-like" sources are found to have magnetic fields ∼ < 5 × 10 9 G. This is consistent with the fact that only the "Cyg-like" Z sources exhibit a strong HBO, which is thought to be a magnetospheric QPO. The Z source GX 17+2 has a weak HBO and intermediate spectral properties and therefore probably has a magnetic field of intermediate strength.
SONIC-POINT QPO MODEL
We now turn to a detailed analysis of the physics of the sonic-point QPO model. Before doing so, we list the key features of the kilohertz QPOs that any model must address. These features are (1) their high frequencies (∼ 800-1200 Hz); (2) their coherence, which is relatively high (ν/∆ν ∼ 100-200); (3) their rms amplitudes, which are large (ranging up to ∼ 20%); (4) the common occurrence of QPO pairs; (5) the similarity of the FWHM of the QPO peaks in a pair; and (6) the strong, positive correlation of QPO frequency with countrate in many sources. The frequencies and rms amplitudes of individual sources are listed in Table 1 .
We first describe in more detail the basic physical picture. We then compute the velocity profile of plasma near the inner edge of the Keplerian disk and show that the transition from subsonic to supersonic radial inflow is extremely sharp. As a result, inhomogeneities in the gas passing through the sonic point are "frozen into" the flow from the sonic point to the stellar surface. Next we discuss the frequencies of the quasi-periodic oscillations of the X-ray flux and spectrum predicted by the model and show that a QPO with a frequency equal to the Keplerian frequency at the sonic point is to be expected if the magnetic field of the star is weak or negligible. A QPO with a frequency equal to the difference between the Keplerian frequency at the sonic point and the stellar spin frequency is to be expected if the magnetic field of the neutron star is weak but not negligible. Finally we consider the expected coherence of the oscillations and show that they can have ν/∆ν values ∼ 100, consistent with the observed coherence of the high-frequency QPOs.
Physical Picture
The torque on a neutron star in a LMXB produced by the accreting gas is expected to align the spin axis of the star with the time-averaged axis of the accretion disk in a time short compared to the duration of the mass transfer phase of the system (see Daumerie & Lamb 1996) . We therefore assume that the spin axis of the neutron star and the rotation axis of the disk are closely aligned.
Detailed calculations (Miller & Lamb 1993 of the motion of accreting gas in Keplerian orbits around a radiating neutron star in full general relativity show that the radial velocity of the gas changes from subsonic to supersonic as it approaches the star, either because the drag force exerted by radiation from near the stellar surface has removed enough angular momentum from the gas that it falls inward in a modified free fall, or because the gas has crossed inside the radius R ms of the marginally stable orbit (see, e.g., Muchotrzeb 1983; Muchotrzeb-Czerny 1986) . Localized density enhancements ("clumps") in the gas passing through the sonic point are advected supersonically to the stellar surface so quickly that there is no time for gas pressure forces to smooth them out. The velocity-independent radially outward component of the radiation force and the velocity-dependent radiation drag force both act to enhance clumping in the inflow from the sonic point, since gas in the shadow of a clump will overtake the clump in both azimuth and radius. In this way, density inhomogeneities in the gas passing through the sonic point are enhanced and mapped onto the stellar surface (see Figure 2) .
We expect the size of clumps formed outside the sonic point by, e.g., thermal instabilities or Kelvin-Helmholtz instabilities (see Lamb et al. 1985) to be of order the disk half-thickness h, which can be ∼ 10 −3 of the disk circumference outside the sonic point. Thus, there may be hundreds of clumps at a given radius outside the sonic point. Radiation forces and azimuthal velocity shear cause these clumps to merge, so that between the sonic point and the surface there are only a few clumps at a given radius, and gas from only a few clumps flows onto the star at a given moment.
The radial and azimuthal extents of clumps falling inward from the sonic point are increased by the velocity shear in the gas. Their impact footprints are therefore arc-shaped and extend around a substantial fraction of the star's rotation equator. The extra gas falling on one of these footprints produces a locally denser accretion flow and a higher accretion luminosity. As a result, the X-ray emission from the footprint is brighter than from the rest of the stellar equator. The pattern of beamed radiation made by these footprints rotates around the center of the star with a frequency equal to the Keplerian frequency at the sonic point. From the point of view of a distant observer whose line of sight is inclined with respect to the star's spin axis, the brighter arcs are periodically eclipsed by the star, generating quasi-periodic brightness oscillations at the pattern frequency, which is the Keplerian frequency ν Ks at the sonic point. This is the sonic-point Keplerian QPO. Because the beamed radiation is produced at the stellar surface, the rms amplitude of the QPO is substantial, even though very little luminosity is produced by gas near the sonic point. As a result of the large angular width of the radiation pattern from the stellar surface, we expect the power in the oscillation at the frequency ν Ks to completely dominate the power at the overtones of ν Ks .
If the magnetic field of the neutron star is weak but not negligible, it will channel some of the accreting gas toward the magnetic poles. If the magnetic field of the star is tilted or offset from its spin axis, the enhanced radiation from the poles will create a weakly beamed pattern of radiation that rotates with the star. The resulting rotating pattern of radiation from the stellar surface produces quasi-periodic oscillations in the radiation force acting on the plasma at the inner edge of the Keplerian disk, which produces quasi-periodic modulation of the density of the supersonic inflow from the sonic point at the beat frequency between the Keplerian frequency at the sonic point and the spin frequency of the neutron star. As this density modulation arrives at the stellar surface, it produces a quasi-periodic modulation of the luminosity of the star at the sonic-point beat frequency ν Ks − ν spin . This is the sonic-point beat-frequency QPO. For the reasons we discuss in § 3.2 and § 4, we expect strong, high-frequency peaks in the power density spectrum only at the sonic-point Keplerian frequency and the sonic-point beat frequency.
Sharpness of the Transition to Supersonic Flow
The range of radii over which the radial velocity of the accreting plasma changes from subsonic to supersonic is determined either by the rate at which radiation drag removes the angular momentum of the plasma, for sources in which radiation forces are significant at radii larger than R ms , or by general relativistic corrections to Newtonian gravity, for sources in which the radius of the neutron star is less than R ms and radiation forces are not significant at radii larger than R ms .
Consider first a source in which radiation forces are important. In order to overcome the centrifugal barrier and fall quickly to the stellar surface, an element of gas orbiting the star must transfer some of its angular momentum to the radiation field. The fraction of its angular momentum that must be transferred is small because neutron star radii are comparable to R ms and the specific angular momentum of circular orbits is nearly constant near R ms . If the stellar radius R is less than R ms , then gas inside R ms will fall to the stellar surface even without further loss of angular momentum. This is demonstrated by Figure 3 , which shows u φ , the specific angular momentum as measured at infinity of an element of gas in a circular Keplerian orbit, as a function of radius for a nonrotating star j = 0 and for a star with dimensionless angular momentum j ≡ J/M 2 = 0.1 (here and below we set c = G ≡ 1). The angular momentum curve is extremely flat near R ms . For example, for a nonrotating neutron star with gravitational mass M = 1.4 M ⊙ and radius R = 10 km, gas in a circular orbit at r ∼ 15-20 km only has to lose 2-8% of its angular momentum to reach the stellar surface. Radiation drag can remove up to ∼30-50% of the angular momentum of accreting gas (Miller & Lamb 1993 , so this condition is satisfied easily. Radiation forces become dominant over a very small range of radii. To demonstrate this, we first calculate the electron scattering mean free path near the stellar surface. Using the mass continuity equation we estimate the number density of electrons in the accreting plasma, assuming that it consists of fully ionized hydrogen, as n =Ṁ /(4πrhv r m p ), where h is the half-thickness of the disk. At the low luminosities L ≈ 10 −2 L E typical of atoll sources, the accretion disk is likely to be gas-pressure-dominated almost all the way down to the stellar surface (Shakura & Sunyaev 1973) . For a GPD disk, the radial velocity of the accreting plasma near the surface of the neutron star is typically v r ∼ 10 −5 -10 −4 , whereas the sound speed is c s ∼ (kT /m p c 2 ) 1/2 ∼ 10 −3 , where T is the temperature and m p is the proton mass. The photon mean free path, which is limited by Thomson scattering, is
M r 10 6 cm h 10 4 cm v r 10 6 cm s −1 cm ≪ 10 km , (3) where σ T = 6.65 × 10 −25 cm 2 is the Thomson scattering cross section. The optical depth of the plasma depends inversely on its radial velocity. Because radiation drag increases the inward radial velocity of the gas, the optical depth from the stellar surface to a given radius in the flow drops and radiation can penetrate farther out into the flow, further increasing the radial velocity and decreasing the optical depth. We call this radiation feedback mechanism "induced transparency" (see . In this way, the radiation drag force causes a sharp (width a few times λ γ ) transition from optically thick to optically thin flow, somewhat analogous to the situation at the boundary of a Stromgren sphere, except here the radiation removes angular momentum from the gas rather than stripping electrons from the atoms, causing a sharp increase in the inward radial velocity rather than in the degree of ionization.
Once radiation drag removes some of its angular momentum, the accreting gas goes into a modified free fall and its radial velocity increases rapidly. Figure 4a shows the locally measured radial (solid line) and azimuthal (dotted line) velocity profiles of an element of gas, calculated using the code described in , which can follow the inspiral of a test particle acted on by radiation forces in any axisymmetric, stationary spacetime. By assumption, the gas drifts slowly inward (v r = 10 −4 ) from r = 10M due to the shear stress within the accretion disk until it reaches r = 9M, where it is exposed to the radiation from the neutron star. Once exposed, the gas quickly spirals down onto the stellar surface at r = 4M. In this calculation we have assumed that j = 0.1 and, to simulate conditions that may exist in atoll sources, that the star radiates a total luminosity L = 0.02 L E from a uniformly emitting band centered around the equator with a vertical half-width equal to 0.1 R. The removal of angular momentum from the accreting flow is evident from the downturn in v φ at 9M. Although v φ changes only slightly at 9M, the radial velocity changes abruptly. This is emphasized in Figure 4b , which shows a closeup of the motion near 9M. As can be seen from this figure, the transition from subsonic to supersonic inflow is extremely sharp, in this case occurring over a distance ∼ 10 −3 r. Using the expression for the radiation drag rate given by Miller & Lamb (1993 , we can obtain an approximate expression for the fractional radial distance over which the transition to supersonic flow occurs, namely, ∆r/r ≈ 3c
If radiation drag forces cannot remove enough angular momentum from the accreting gas to cause it to fall inward but the neutron star radius is smaller than R ms , the radial velocity of the gas will still become supersonic just inside R ms . As shown in , the radial velocity v r of an element of gas falling inward from a circular orbit at R ms is ≈ (ǫ/2) 3/2 at r = R ms (1 − ǫ), for ǫ ≪ 1. Hence for c s ≈ 10 −3 the range in radii over which the plasma becomes supersonic is ∆r/r ∼ ǫ ∼ (c s )
2/3 ∼ 10 −2 .
Thus, whether or not radiation forces play an important role, the transition from subsonic to supersonic flow occurs over a very small radial distance.
Expected Frequencies and Amplitudes of QPOs
Consider now the frequencies and expected relative amplitudes of the QPOs that are produced by the accretion flow from the sonic point. The flow generates three fundamental frequencies: (1) the Keplerian frequency at the sonic point, (2) the spin frequency of the neutron star, and (3) the beat frequency between these two. Because general relativistic effects are comparable to the observed separation frequencies of the high-frequency QPOs and to their shifts with countrate, we first discuss the definitions of these frequencies and how they are generated and then their expected relative amplitudes.
The light travel time across a neutron star is a fraction < ∼ 10 −15 of the time required for the accretion torque to change the star's spin rate, so the exterior spacetime is stationary to extremely high accuracy. The stationary, axisymmetric spacetime outside a rotating massive object with gravitational mass M and angular momentum J is unique to first order in the dimensionless angular momentum parameter j (Hartle & Thorne 1968) and is therefore the same as the Kerr spacetime to this order (the spacetime outside a rotating star differs from the Kerr spacetime in second and higher orders; see, e.g., Cook et al. 1994) . If the spin frequencies of the atoll and Z sources are as expected < ∼ 500 Hz (see § 2 and § 4), they have j values < ∼ 0.1, so the Kerr spacetime is an accurate approximation to their exterior spacetimes.
We shall use the Boyer-Lindquist coordinate system because this system has several features that greatly simplify the analysis of rotational frequencies and their interactions. First, the time coordinate is the proper time of an observer at radial infinity. Second, the circular frequency of a rotating star or an orbiting element of gas as measured by an observer at infinity is simply
where φ and t are the Boyer-Lindquist azimuthal and time coordinates. Because of the symmetries of the spacetime outside a rotating star, the rotational frequency of the star or the orbital frequency of a given element of gas is, when measured in Boyer-Lindquist time, the same at every point in space. 2 Hence, unlike the frequencies of photons as measured by different local observers, rotational and orbital frequencies are unaffected by redshifts when measured in Boyer-Lindquist coordinates.
Keplerian frequency at the sonic point.-For the reasons just described, the orbital frequency ν K (r) ≡ (1/2π)(dφ K /dt)(r) of an element of gas in a prograde Keplerian circular orbit at Boyer-Lindquist radius r in the star's rotation equator is the same at all points in space, when measured in Boyer-Lindquist coordinates, and is the orbital frequency measured by observers at infinity. As explained earlier in this section, the radiation drag force acting on a clump in the gas crossing the sonic point generates a supersonic stream of denser gas that spirals inward toward the stellar surface. Because of axisymmetry, the inspiral trajectory of the gas from each such clump is identical, so the azimuthal separation ∆φ st between any two such streams is the same at any radius inside the sonic point and equal to the azimuthal separation ∆φ cl of the two clumps at the sonic radius r s that are producing the two streams. Hence a collection of clumps distributed around the star at the sonic radius will generate a spiral pattern of inflowing streams, which rotates around the star at the orbital frequency ν Ks ≡ ν K (r s ) of gas at the sonic point. (Note that this pattern frequency is therefore different from the orbital frequency of an element of gas just before it collides with the stellar surface.) The frequency at which the brightness pattern made by the impact of the streams on the stellar surface rotates around the star, as measured by an observer at infinity, is ν Ks . This is therefore the frequency at which the radiation pattern produced by the bright footprints of the streams rotates around the star and hence also the frequency of the resulting quasi-periodic oscillation in the X-ray flux and spectrum seen by a distant observer whose line of sight is inclined to the star's rotation axis.
To estimate ν Ks , we note that spacetime outside a slowly rotating star differs only slightly from the exterior Schwarzschild spacetime and hence ν Ks is very nearly equal to the frequency (see Shapiro & Teukolsky 1983, p. 348) 
2 This result is actually much more general. The spacetime outside a rotating star has both timelike and spacelike Killing vector fields ξ (t) and ξ (φ) , which reflect the stationarity and axial symmetry of the spacetime (see, e.g., Misner, Thorne, & Wheeler 1973, Ch. 33) . In any coordinate system in which the time and azimuthal coordinates are based on ξ (t) and ξ (φ) , the time interval for one rotational circuit of an element of the star or one orbital circuit of an element of gas in orbit about the star is the same everywhere, when measured in the global time coordinate. Stated more concretely, if an element of gas emits a burst of light each time its azimuthal coordinate φ increases by 2π, the time interval ∆t between the arrival of successive bursts will be the same everywhere, when measured in the global time coordinate t. Note that ∆t is not the time interval measured by a local observer (i.e., in a local orthonormal tetrad), unless the observer is at infinity.
of a Keplerian circular orbit at coordinate radius r s in the Schwarzschild spacetime. (A more detailed calculation shows that for j ∼ < 0.1 and r s ∼ > 15 km, the Keplerian frequency at the sonic point differs from ν Ks0 by less than 3%.) For a 1.4 M ⊙ star and sonic-point radii ∼ 15-20 km, ν Ks is ∼ 700-1200 Hz, similar to the frequencies of the kilohertz QPOs.
Stellar spin frequency and beat frequency.-For the reasons described above, the stellar spin frequency ν spin ≡ dφ star /dt is the same at all points in space when measured in Boyer-Lindquist coordinates and is the spin frequency measured by observers at infinity. As discussed at the beginning of this section, if the star's magnetic field is too weak to affect the accretion flow at the sonic point but strong enough to partially channel the flow close to the stellar surface, it will create a weakly beamed pattern of radiation that rotates with the star. We expect the neutron stars in the atoll and Z sources, which are thought to be several hundred million years old, to have surface magnetic fields that are essentially dipolar. If the dipole field is aligned with the spin axis but offset, the radiation pattern it produces will have one weak maximum around the star whereas if the dipole field is tilted, the radiation pattern will have two almost exactly equal maxima around the star. The radiation drag force acting on the gas in a given clump orbiting at the sonic point will peak whenever one of these maxima points toward the clump. A given maximum will irradiate a given clump with a frequency equal to the difference (beat) frequency between Keplerian frequency at the sonic point and the spin frequency of the star, i.e., with a frequency equal to the sonic-point beat frequency
where n = 1 or 2. Hence radiation forces will increase the flux of matter streaming supersonically from a given clump toward the star with frequency ν Bs = ν Ks − ν spin or ν Bs = ν Ks − 2ν spin , depending on the symmetry of the stellar magnetic field. The inflow time from the sonic point is typically ∼ 5-10 beat periods, so there are typically this many density enhancements in the stream of matter from a given clump to the stellar surface. Note that these density enhancements do not lie along a single inspiral, but instead along a sequence of inspirals, so their impact arcs on the stellar surface also form a sequence around the equator. As the quasi-periodic increase in the mass flux from a given clump arrives at the stellar surface, it produces a quasi-periodic modulation in the luminosity of the star with a frequency ν Bs . Because this beat frequency is the difference between an orbital and a spin frequency, the frequency of the resulting quasi-periodic modulation of the X-ray flux and spectrum seen by observers at infinity is ν Bs .
Variation of the Keplerian and beat frequencies with accretion rate.-When the radius of the sonic point is determined by radiation forces, we expect it to vary with the mass accretion rate, causing the sonic-point Keplerian and beat frequencies to vary. The reason is that in this case the radius of the sonic point depends on the optical depth of the gas τ sd between the star and the Keplerian region of the disk, and τ sd is expected to vary with the accretion rate. For example, if Compton cooling is more efficient at higher luminosities, reducing the disk thickness, then the disk flow will be denser and τ sd will be greater at higher accretion rates. As a result, the Keplerian flow will penetrate closer to the star, causing the sonic radius to decrease, and hence the sonic-point Keplerian and beat frequencies to increase, with increasing accretion rate. As we discuss further in § 4, this may explain the observed strong positive correlation between QPO frequency and countrate seen in 4U 1728−34 and 4U 0614+091.
Relative QPO amplitudes.-As discussed in § 3.1, density inhomogeneities in the accretion flow at the sonic point produce a broad radiation pattern that rotates around the star with the Keplerian frequency at the sonic point ν Ks . For conciseness we call these oscillations beaming oscillations because they are caused by the angular variation of the radiation field, even though the radiation pattern is not a narrow beam. The accretion flow also produces beaming oscillations at, for example, the stellar spin frequency ν spin and at the sum and difference frequencies ν Ks + ν spin and ν Ks − ν spin . The sonic-point model also produces a luminosity oscillation at the beat frequency ν Ks − ν spin . Indeed, the only luminosity oscillation produced by the sonic-point model is the one at the beat frequency. To see this, consider an observer whose line of sight to the neutron star is along the star's rotation axis. The system is axisymmetric about the rotation axis, so she sees no beaming oscillations. She does see a luminosity oscillation at the beat frequency, but not at any other frequency. Thus, the only luminosity oscillation is the one at the beat frequency. As a result, the X-ray flux and spectrum seen by a distant observer oscillates quasi-periodically at this frequency.
Luminosity oscillations are much less attenuated by scattering than beaming oscillations are. For example, the amplitude A ∞ of a luminosity oscillation with frequency ω outside a spherical scattering cloud of radius R and optical depth τ is related to the amplitude A 0 at the center of the cloud by the expression (Kylafis & Phinney 1989) 
where x ≡ [(3/2)ωRτ /c] 1/2 . This expression is accurate to better than 6% for x > 1.3 (Kylafis & Phinney 1989) . The first term on the right side of equation (7) describes the amplitude attenuation caused by the spread of escape times from the cloud, whereas the second term (which has been added in by hand) describes the amplitude of the oscillation produced by the photons that escape from the cloud without scattering. If instead the flux oscillation at infinity is produced by rotation of a nonaxisymmetric radiation pattern the amplitude is reduced not only by the spread of escape times but also by the tendency of scattering to isotropize the photon distribution. For example, if the radiation pattern is a narrow pencil beam then the amplitude of the oscillation outside the cloud is (Brainerd & Lamb 1987; Kylafis & Phinney 1989) 
Radiation patterns with more than one lobe have their amplitudes reduced even more by scattering (Brainerd & Lamb 1987) . Figure 5 compares the attenuation of luminosity and beaming oscillations by a scattering cloud of radius R = 3 × 10 6 cm, comparable to the dimensions of the small scattering clouds thought to surround the neutron stars in the atoll and Z sources, as a function of the optical depth of the cloud. The frequencies of the oscillations have been chosen to represent a hypothetical neutron star LMXB with ν Ks = 1100 Hz and ν spin = 300 Hz. The frequency of the beat-frequency luminosity oscillation is therefore 800 Hz. Figure 5 shows that to be observable outside the scattering cloud a beaming oscillation must have a large amplitude at the center of the cloud, whereas a luminosity oscillation with a moderate amplitude is observable outside the scattering cloud.
Expected Coherence of QPOs
The very high coherence (ν QPO /∆ν QPO > ∼ 100) of the high-frequency QPOs observed in the atoll and Z sources places strong constraints on any model of these QPOs, because there are many physical effects that tend to decrease the coherence of the oscillations. In models like the sonic-point model that identify a high QPO frequency with the Keplerian frequency at some radius in an accretion disk and involve the formation and persistence of clumps of gas in the inner disk, two of the most significant broadening mechanisms are (1) frequency broadening caused by the spread of radii and hence the spread of Keplerian frequencies involved, and (2) lifetime broadening caused by the finite size and hence the finite lifetime of the clumps.
In the sonic-point model there are two effects that contribute to frequency broadening. First, the range of radii ∆r over which the radial velocity of the flow goes from subsonic to supersonic is finite. In § 3.2 we showed that ∆r < ∼ 0.01r, so the spread ∆ν in frequency produced by this effect is < ∼ 0.01ν QP O . Second, the observed pattern frequency produced by the impact on the stellar surface of the inspiraling stream of gas from a given clump is the Keplerian frequency at the radius where the clump is located. Thus, if clumps from many different radii outside the sonic point maintain their coherence as the streams they produce fall on the stellar surface, many different Keplerian frequencies will contribute and the QPO will be broad. To estimate the broadening from this effect, and to evaluate the importance of lifetime broadening, we now examine more closely the azimuthal shear of clumps as they cross the sonic point.
As clumps drift slowly toward the star, they orbit it many times. The variation of the Keplerian frequency over the finite extent of each clump shears the clump in azimuth. If a clump is sheared through too large an angle, it will merge with other clumps and its impact arc at the stellar surface will then subtend most of the equator, so the fractional modulation will be low. Only those clumps that are not sheared by more than ∼ 1 radian before they reach the sonic point (after which density inhomogeneities are frozen in) can produce large-amplitude oscillations. Thus, the azimuthal shear near the sonic point acts as a filter.
To estimate quantitatively the range of radii over which clumps contribute significantly to the QPOs, consider a clump at radius r that has a radial extent ξ. The angular velocity difference across the clump is ∆Ω K ∼ (ξ/r)Ω K and the resulting angular shear is ∆φ = t d ∆Ω. Here Ω is the average angular velocity at radius r and t d ∼ ξ/v r is the radial drift time. The Keplerian linear velocity at radius r is
r )(ξ/Ω K Sr) and hence the condition ∆φ < 1 can be rewritten as ξ < ∼ ξ max ≡ (v r /v K ) 1/2 r . If a clump larger than ξ max is produced near the sonic point, the innermost ξ max of the clump will produce an oscillation with significant amplitude whereas the remainder will be smoothed out. The relative range of Keplerian frequencies produced by the clumps at r is ∆ν/ν ∼ ξ max /r = (v r /v K ) 1/2 . Since v r ∼ 10 −5 to 10 −4 and v K ∼ 0.5 near a neutron star, ν/∆ν is ∼ 100, consistent with the observed coherence of the high-frequency QPOs.
Lifetime broadening occurs because during its lifetime t clump a given clump produces only N clump = t clump ν QPO oscillation cycles, so the QPO peak necessarily has a FWHM of at least ∆ν lifetime ∼ (πt clump ) −1 . The lifetime is determined primarily by the radial drift time, so t clump ≈ ξ/v r . The observed coherence of the high-frequency QPOs requires that t clump be > ∼ 0.03 seconds. Thus, the clumps must have a radial extent of at least ξ min ≡ 3 × 10 8 (v K /10 10 cm s −1 )(v r /v K ) cm. The coherence and the oscillation amplitude can both be large only if ξ min < ξ max , which is the case if, as we have shown above,
If there is a QPO at the beat frequency ν Bs , we expect that its FWHM will usually be comparable to the FWHM of the QPO at ν Ks . This is because the beat frequency is the combination of the sonic-point Keplerian frequency and the (essentially coherent) stellar rotational frequency, which by itself adds little to the QPO peak width. Thus, effects such as frequency broadening and lifetime broadening result in comparable FWHM at ν Bs and ν Ks . We do not expect the widths of the QPO peaks at ν Bs and ν Ks to be identical, however, because propagation through an oscillating scattering cloud affects the oscillations at ν Bs and ν Ks differently. Also, the magnetic fields of the Sco-like Z sources may be weak enough to allow radiation forces to produce a sonic point at 10-15 Km but strong enough to disturb the formation of the QPO at the beat frequency. These points are discussed further in § 4.
DISCUSSION AND CONCLUSIONS
We showed in § 3 that the sonic-point model explains the high frequencies, coherence, and amplitudes of kilohertz QPOs, the common occurrence of QPO pairs and the similarity of the FWHM of the QPO peaks in a pair. It also suggests an explanation for the strong positive correlation between QPO frequency and countrate seen in several sources. We now show that the sonic-point model is also consistent with the unified model of neutron star LMXBs described in § 2 and with many other properties of the high-frequency QPOs. First, we show that the magnetic fields and scattering cloud optical depths required by the sonic-point model are consistent with the magnetic fields and optical depths previously inferred for the atoll sources from X-ray spectral models. Second, we address the key question of why at most two high-frequency peaks are observed in any given power spectrum. Third, we discuss the steep increase of QPO amplitude with photon energy observed in several sources, and show that the sonic-point model gives an excellent fit to the data. We discuss the correlation between high QPO amplitude and weak stellar magnetic field expected in the sonic-point model and show that there is already considerable evidence for such a correlation. Fifth, we consider the implications of the sonic-point model for the dependence of QPO frequency on countrate. Finally, we show that if the sonic-point model is confirmed, observation of kilohertz QPOs will make possible new estimates of neutron star masses and will place new constraints on the equation of state of neutron-star matter. We conclude by summarizing the strengths and predictions of the sonic-point model.
Consistency with the Previously Inferred Properties of neutron star LMXBs
A weak or negligible stellar magnetic field is required in the sonic-point model to explain the observed high frequencies of the kilohertz QPOs, so that the sonic point can be close to the stellar surface, where the Keplerian frequency is high. A weak magnetic field is also required to explain the observed large amplitudes of the QPOs, because a large fraction of the accreting gas must fall to the stellar surface without coupling to the magnetic field. As described in § 3, the high coherence of the QPOs implies that the sound speed must be ∼ 10 −3 c and that the radial velocity outside the sonic point must be even lower, ∼ 10 −5 -10 −4 c. Finally, the observation of at most two simultaneous high-frequency QPOs implies that the scattering optical depth of the central scattering corona must be in the range ∼ 3-10, to suppress all but the sonic-point Keplerian and beat frequencies.
For the neutron star LMXBs in which high-frequency QPOs are observed, all of these conditions follow naturally from the unified model described in § 2. The magnetic fields in the 4U atoll sources are thought to be low enough ( < ∼ 10 8 G) that at their inferred accretion rates ∼ 0.01-0.1Ṁ E the cylindrical radius ̟ 0 at which the stellar magnetic field couples strongly to the Keplerian disk flow is < ∼ 1-2 × 10 6 cm, small enough for the required high frequencies and amplitudes. Moreover, as mentioned in § 2, no magnetospheric QPOs have ever been detected in the atoll sources. In Sco X-1 the magnetic field of the neutron star is thought to be somewhat larger than in the 4U atoll sources, but the accretion rate is much larger, so ̟ 0 is larger but comparable to its size in the atoll sources. Rossi observations of Sco X-1 power spectra of X-ray countrate time series (van der Klis et al. 1996a,b,d) show a peak in the power density at ∼45 Hz and sometimes a first overtone at ∼90 Hz. This may be the magnetospheric beat frequency oscillation in Sco X-1, because its frequency is similar to the frequencies of the HBOs seen in other Z sources and the HBO is thought to be a magnetospheric beat frequency oscillation (see § 2). Also, first overtones of the fundamental HBO frequency have been seen in several other Z sources (the first overtone of the ∼6 Hz N/FBO has not yet been detected. Finally, recent observations (M. van der Klis 1996, personal communication) of the 45 Hz QPO when Sco X-1 is on its horizontal branch, which is steeper and less fully developed than in other Z sources, show that, like the HBOs in other Z sources, it is stronger and more coherent when Sco X-1 is on the horizontal branch than when it is on the normal and flaring branches. Whether the 45 Hz QPO shares the other phenomenology of the HBO remains to be seen. If the 45 Hz QPO in Sco X-1 is its HBO, it implies that some of the gas in the disk becomes coupled to its weak magnetic field at several stellar radii (see § 2). The fact that Sco X-1 also shows weak high-frequency QPOs then implies that at the near-critical accretion rates of this neutron star, in the Keplerian disk some gas does not couple to the stellar magnetic field but instead continues to drift inward until it reaches the sonic point created by the strong radiation forces that exist in this source.
The required low sound speed and radial velocity are plausible if the accretion disk is geometrically thin. This is expected in the atoll sources, because at their low accretion rates the inner part of the accretion disk is likely to be gas-pressure-dominated. In Sco X-1, the gas that does not couple to the magnetic field is likely to be pinched by the stellar magnetic field into a geometrically thin Keplerian disk. The final requirement, that τ ∼ 3-10, follows directly from the spectral modeling discussed in § 2. Therefore, completely independent existing models of the X-ray spectra and lower frequency X-ray variability of neutron star LMXBs imply exactly the magnetic fields, mass accretion rates, and scattering optical depths that are required in the sonic-point model.
Comparison with Observations
Expected neutron star spin frequencies.-Gas accreting through a disk onto a weakly magnetic neutron star will couple to the star (either via the stellar magnetic field or via direct impact with the stellar surface) within a few stellar radii of the surface. Since the specific angular momentum of matter in circular orbits increases only slowly with radius near the stellar surface (see Figure 3) , the torque exerted on the star by the accreting gas is of order the mass accretion rate times the specific angular momentum u φ,ms ≈ 3.46 M at R ms . Over the ∼ 10 8 yr duration of the accretion phase of neutron stars in LMXBs, a total mass ∼ 10 −2 -10 −1 M ⊙ is expected to be transferred from the companion star to the neutron star, which at an average torque ∼Ṁu φ,ms implies that the neutron star will be spun up to a spin rate a few hundred hertz. A spin rate of this size is consistent with the difference frequencies of the QPOs observed in 4U 1728−34 (∼360 Hz), 4U 0614+091 (∼330 Hz), 4U 1636−536 (∼200-270 Hz), and Sco X-1 (∼250-300 Hz), and with the frequencies of the coherent oscillations seen in 4U 1728−34 (363 Hz) and KS 1731−260 (524 Hz).
Expected relative amplitudes of QPOs at different frequencies.-In § 3.3 we showed that in the sonic-point model the QPO at the sonic-point beat frequency ν Ks − ν spin is a luminosity oscillation, whereas all other oscillations (for example, at the sonic-point Keplerian frequency ν Ks , at the stellar spin frequency ν spin , and at ν Ks + ν spin ) are beaming oscillations. We also showed in § 3.3 (see Figure 5 ) that beaming oscillations are much more strongly attenuated by scattering in the hot central corona than are luminosity oscillations. Consider for example 4U 1728−34, in which ν Ks = 1045 Hz and ν spin = 362 Hz, during one observation. For a scattering cloud of radius R = 3 × 10 6 cm and optical depth τ = 5, the amplitude of the luminosity oscillation at ν Ks − ν spin is reduced by only ∼15%, whereas the amplitudes of the beaming oscillations at ν Ks and ν Ks + ν spin are reduced by factors of ∼4 and ∼5, respectively. Therefore, for a beaming oscillation to be observable outside the central corona, the oscillation must have a large amplitude at the star. This is true of the beaming oscillation at the Keplerian frequency, but is not expected to be the case for the beaming oscillations at other frequencies. In contrast, a luminosity oscillation can be observable outside the central corona even if its amplitude at the star is modest. This explains why only the QPOs at the sonic-point Keplerian and beat frequencies are observable at the current level of sensitivity. If the stellar magnetic field is too weak to channel gas even near the stellar surface, or the scattering optical depth between the stellar surface and the sonic point is too large, the amplitude of the oscillation at the beat frequency may also be too small to be observe (see § 3.1). Note, however, that peaks at other frequencies should exist at some level, and we expect that if neutron star LMXBs are observed with several times greater sensitivity than they have been so far, other frequencies will be detected. In particular, a careful search near the sum of the Keplerian and rotational frequencies in 4U 1728−34, 4U 0614+091, 4U 1636−536, and Sco X-1 may reveal very weak QPOs at these frequencies.
In the sonic-point model, as the mass accretion rate rises the optical depth of the gas aroudn the neutron star also rises and hence the amplitude of the Keplerian oscillation drops relative to the amplitude of the beat frequency oscillation, other things being equal. Assuming that the countrate is a valid measure of the mass accretion rate (see below), this expectation is consistent with the observed behavior of the high-frequency QPOs in 4U 1728−34 (Strohmayer et al. 1996c ) and Sco X-1 (M. van der Klis, personal communication); in these sources the amplitude of the higher frequency QPO decreases relative to the amplitude of the lower frequency QPO as the countrate increases. Similarly, when a single ∼ 870 Hz QPO, presumably the QPO at the sonic-point Keplerian frequency, is seen in 4U 1636−536, it disappears at high countrates . Note that although the oscillation at the beat frequency is a luminosity oscillation, it is created by interaction of the weakly beamed radiation pattern that rotates at the stellar spin frequency with the clumps of gas orbiting at the sonic point. Therefore, if the sonic point moves far enough away from the stellar surface, the optical depth from the sonic point to the surface may be sufficient to reduce the amplitude at the sonic point of the radiation pattern that rotates with the star and hence also the amplitude of the luminosity oscillation at ν Ks − ν spin . This is consistent with an observation of 4U 1728−34, in which the lower-frequency QPO is not observed when the frequency of the upper-frequency QPO is low (Strohmayer et al. 1996c) .
If the central compact corona is not static but instead fluctuates at a variety of frequencies up to a maximum ∼ ν cloud , the varying attenuation of the QPOs at the sonic-point Keplerian and beat frequencies will modulate the amplitudes of these QPOs, thereby broadening the peaks in the power spectrum by an amount ∼ 2ν cloud , due to the presence of upper and lower sidebands. This broadening will be much more significant for beaming oscillations (because of their much higher attenuation) than for luminosity oscillations. For example, consider a spherical scattering cloud with a fixed number of particles but a varying radius R, which oscillates from R = 3 × 10 6 cm, τ = 3 to R = 2 × 10 6 cm, τ = 6. The amplitude of a luminosity oscillation at 800 Hz is modulated by ∼15%
(the attenuation varies from 0.99 to 0.86), whereas the amplitude of a beaming oscillation at 1100 Hz is modulated by ∼60% (the attenuation varies from 0.47 to 0.21). Because the amplitude modulation of the luminosity oscillation is small, the wings of the peak at the beat frequency generated by the amplitude modulation might not be detectable above the noise continuum, whereas the FWHM of the peak at the Keplerian frequency would be increased substantially. Moreover, if the cloud oscillations are asymmetric, the observed centroid of the Keplerian QPO will be shifted from its true frequency, which may explain the observed changes in the frequency difference in Sco X-1.
Dependence of QPO amplitude on photon energy-We attribute the steep increase in the amplitude of the higher-frequency QPOs seen in 4U 1608−52 (Berger et al. 1996) and 4U 1636−536 , and the lower frequency QPO in 4U 1728−34 (Strohmayer et al. 1996c ) with increasing photon energy to optical depth variations. A steep rise in amplitude with energy is expected for the QPO at the Keplerian frequency because as the accreting pattern moves around the star the optical depth towards our line of sight changes, and for the QPO at the beat frequency because optical depth variations are expected at the beat frequency as the density of the accreting gas falling on the stellar surface oscillates. In Figure 6 we plot the rms amplitude versus photon energy produced by a flow with an electron scattering optical depth that varies from τ = 3 to 3.3, and the amplitude data for 4U 1608−52 and 4U 1636−536. As can be seen, the model matches the data well. If this is the correct explanation for the energy spectrum of these QPOs, then as a source moves in the X-ray color-color diagram and its spectrum changes (implying a change in the average optical depth), we expect that the amplitude versus photon energy curve will change.
Dependence of QPO amplitude on magnetic field .-As discussed in § 2, the magnetic fields in neutron star LMXBs are thought to be distributed over several orders of magnitude in field strength. The "4U" atoll sources are thought to have the weakest fields, < 5 × 10 8 G, whereas the "GX" atoll sources and the "Sco-like" Z sources are thought to have somewhat stronger fields, ∼ 5 × 10 8 -2 × 10 9 G. The "Cyg-like" Z sources are thought to have the strongest fields, ∼ 5 × 10 9 G. In the sonic-point model, the larger the magnetosphere, the smaller the fraction of accreting plasma that reaches the surface of the star without coupling to the magnetic field, and the smaller the amplitude of the kilohertz QPOs. Therefore, we expect the rms amplitudes of the kilohertz QPOs to be roughly anticorrelated with the strength of the magnetic field, other things being equal. Hence, kilohertz QPOs should be common and strong in the "4U" atoll sources, weak or absent in the "GX" atoll sources and the "Sco-like" Z sources, and absent in the "Cyg-like" Z sources and in any sources that show strong, periodic oscillations at their spin frequency. If, as indicated by the spectral modeling discussed in § 2, the magnetic field of Cir X-1 is weak, we expect it to exhibit sonic-point QPOs when it is in its low state. Some sources with intermediate strength magnetic fields, such as GX 17+2, may display magnetospheric beat-frequency oscillations as well as sonic-point Keplerian and beat-frequency QPOs. This is because it may be possible for part of the accretion flow in the disk plane to penetrate into the magnetosphere due to the Rayleigh-Taylor instability and fall onto the stellar equator without being threaded by the field (see, e.g., Ghosh & Lamb 1991) , thus generating the sonic point QPOs, while at the same time other parts of the accretion flow couple to the field, thus generating the magnetospheric QPOs.
The spectral calculations of Psaltis, Lamb, & Miller (1995) and indicate that larger hard X-ray colors of atoll and Z sources (e.g., the ratio of the 7-20 keV countrate to the 5-7 keV countrate) are roughly correlated with weaker stellar magnetic fields. For a given mass accretion rate, the electron temperature in the magnetosphere and central corona is higher around neutron stars with weaker magnetic fields, so the soft X-ray photons produced at the stellar surface or in the magnetosphere are upscattered to higher energies and the hard X-ray colors are therefore larger. Differences in mass accretion rate will produce a scatter around this trend. As a result, we expect the "4U" sources to have, on average, higher hard colors than the "GX" atoll sources and the "Sco-like" Z sources, which in turn should have larger hard colors than the "Cyg-like" Z sources (Psaltis, Lamb, & Miller 1995; . This trend is in good agreement with observations. Based on this physical picture we expect the rms amplitudes of the high-frequency QPOs produced at the sonic point to be higher in sources with larger hard colors. This correlation is evident in Figure 7 , which shows the rms amplitudes and hard X-ray colors of four sources, for sources observed with the PCA detector onboard the Rossi satellite. If other sources with kilohertz QPOs follow this same trend, this will be strong support for the sonic-point model.
Dependence of QPO frequencies on countrate-Because of the important role of radiation forces in the sonic-point model, we expect the observed QPO frequencies to depend strongly on the mass accretion rate. Indeed, there is a strong positive correlation between the frequency of the QPOs observed between type I X-ray bursts from 4U 1728−34 and 4U 0614+091 and the countrate. Unlike these sources, however, 4U 1608−52 shows no simple correlation between frequency and countrate (Berger et al. 1996) . There are several possible reasons for this. First, we emphasize that the countrate is not necessarily a good estimator of the mass accretion rate since, for a given mass accretion rate, changes in the spectrum produce changes in the photon number flux in the observed energy range. For example, when the countrates of Z sources are the same but the source is on different branches of the Z track, the mass accretion rate is different (Hasinger & van der Klis 1989; Lamb 1989; Psaltis, Lamb, & Miller 1995) . Moreover, in the "Cyg-like" Z sources, the normal/flaring branch vertex, which is thought to correspond to a mass accretion rate equal toṀ E (Lamb 1989) , occurs at different countrates during different observations . Finally, in the sonic-point model the frequencies of the QPOs are determined by the location of the sonic point, which can depend on details of the inflow other than the mass accretion rate, such as the geometric thickness of the disk and its optical depth. The sonic radius, and hence the observed frequencies, can therefore depend in complicated ways on the mass accretion rate, which may in turn complicate their dependence on countrate.
When radiation forces are extremely strong, such as at the peak of a type I X-ray burst that causes radius expansion, the accretion flow is controlled out to large radii by the radiation and we therefore do not expect any QPO at the sonic-point Keplerian frequency or at the sonic-point beat frequency. However, QPOs at these frequencies may reappear during the tail of the burst. As long as the burst luminosity is several times the persistent luminosity the accreting gas behaves roughly as a collection of test particles (see Miller & Lamb 1993 , so for a given radiation pattern the sonic point will be farther from the star when the luminosity is higher. Thus, during this phase of the burst we expect that if sonic point QPOs exist, their frequency should increase as the countrate countrate. Note, however, that during the decay phase of a burst the luminosity changes fast enough that the frequencies of the QPOs may also change rapidly, smearing out their peaks in power spectra, unless the spectra are constructed from short ( < ∼ 0.1 s) segments of data.
Constraints on the Equation of State and Masses of Neutron Stars
Detection and identification of a high Keplerian frequency around a neutron star, as is expected in the sonic-point QPO model, constrains the equation of state of the dense matter in all neutron stars as well as placing an upper limit on the mass and radius of the neutron star in the particular source in which the QPO is detected.
Consider first the upper limit on the star's mass. Observation of a high Keplerian frequency gives an upper bound on the mass because, for any given equation of state, the orbital frequency in the Keplerian region of the accretion flow is bounded from above. To see this, first recall from § 3.2 that for the spin frequencies ν ∼ 200-500 Hz inferred for neutron stars with high-frequency QPOs, the spacetime exterior to the neutron stars is, to high accuracy, the Schwarzschild spacetime. In the Schwarzschild spacetime the radius R ms of the marginally stable orbit is 6M. If the stellar radius R exceeds R ms , the maximum Keplerian frequency of gas orbiting around the star is the Keplerian frequency at R. If instead R < R ms then, as discussed in § 3.2, the Keplerian disk cannot extend much inside ≈ R ms , because general relativistic corrections to Newtonian gravity cause a transition from subsonic to supersonic flow near R ms even if radiation drag is unimportant (see, e.g., . As shown in § 3, orbits inside the sonic point produced by radiation forces or general relativistic corrections to Newtonian gravity quickly become open spirals, so the orbital frequency of an element of gas inside the sonic point quickly increases. For this reason, the motion of gas inside R ms cannot produce highly coherent QPOs like the high-frequency QPOs observed in neutron star LMXBs. Thus the maximum frequency of gas in Keplerian circular orbit around a star with R < R ms is the Keplerian frequency at R ms . The maximum circular frequency of gas in Keplerian orbit around a star of given mass and radius is therefore
For all realistic equations of state, the mean densityρ ∝ M/R 3 of a neutron star increases with increasing mass, so ν K,max is highest for a star of given mass when R = R ms . Hence the highest orbital frequency that matter anywhere in the Keplerian disk can have is
For a source with a given QPO frequency, we can invert relation (10) to obtain an upper bound on the mass of the neutron star in that source. The highest QPO frequency so far observed is the 1171 Hz frequency of one of the QPOs seen in 4U 1636−536 (van der Klis et al. 1996c) . If, as in the sonic-point model, this is a Keplerian frequency, then ν * K ≥ 1171 Hz. Relation (10) then implies that the mass of the neutron star in 4U 1636−536 is ≤ 1.9 M ⊙ .
Observation of a high Keplerian frequency ν K in a given source also provides an upper bound on the radius of the neutron star in that source. To see this, note that the maximum Keplerian frequency around a star with a radius greater than R ms is ν K,max = (1/2π)(M/R 3 ) 1/2 , so for a star with a given mass M and observed Keplerian frequency ν K , the maximum radius the star can have is R max = (M/4π 2 ν 2 K ) 1/3 . For example, if the 1171 Hz frequency of the QPO in 4U 1636−536 is a Keplerian frequency, the radius of this neutron star cannot exceed 17 km. If other information is available about the star's mass, it may be possible to tighten the bound on the radius. For example, if the 1171 Hz frequency of the QPO in 4U 1636−536 is a Keplerian frequency and the mass of this neutron star is 1.4 M ⊙ , its radius must be less than 15 km.
Observation of a high Keplerian frequency around a given star not only provides upper bounds on the mass and radius of the neutron star in that source but also constrains the mass-radius relation of all neutron stars. These constraints are shown in Figure 8 . The diagonal dotted line gives the mass of a star with a radius equal to R ms . Each dashed line shows the constraints imposed by observation of a given Keplerian frequency, as a function of the mass of the star. Observation of a given frequency gives a maximum mass and a maximum radius, independent of the equation of state. For a given equation of state, observation of a given frequency bounds the mass of the star from below as well as from above. To be viable, an equation of state must produce a mass-radius curve that intersects the pie-slice shaped region between the vertical axis and the dashed curve that corresponds to the highest Keplerian frequency observed in any source. The equation of state of the matter in neutron stars is expected to be the same for all such stars, in which case an equation of state that is inconsistent with the properties of any neutron star is excluded for all neutron stars.
As noted above, the 1171 Hz frequency observed in 4U 1636−536 is the highest frequency so far observed. All of the equations of state that we have plotted allow a 1171 Hz Keplerian frequency, although if M is the correct equation of state the mass of the neutron star in 4U 1636−536 must be greater than 1.7 M ⊙ . If instead the mass of the neutron star in this source is close to 1.4 M ⊙ , equation of state M is ruled out and equation of state L is marginally excluded. Figure 8 shows that detection of higher Keplerian frequencies would impose very tight constraints on the mass and radius of the neutron star. For example, detection of a 1500 Hz Keplerian frequency would mean that the neutron star must have a mass less than 1.45 M ⊙ and a radius less than 13 km, independent of the equation of state.
Any upper limit on the stiffness of the equation of state of neutron-star matter lowers the maximum mass of a neutron star, so these constraints may be useful in establishing that certain X-ray sources are black holes. For example, LMC X-3, which is thought to be a black hole on other grounds, has a mass function of 2.3 M ⊙ , lower than 3 M ⊙ , which is widely thought to be a relatively safe upper bound on the maximum mass of a neutron star. Observation of a sufficiently high Keplerian frequency around a neutron star would reduce the allowed stiffness of neutron-star matter and hence their maximum mass below 2.3 M ⊙ , greatly strengthening the case that LMC X-3 is a black hole.
As discussed in § 3.3, we expect the sonic point created by radiation forces to move closer to the neutron star as the accretion rate increases, at least for moderate accretion rates. If this continues until the sonic point reaches R ms , the sonic point may remain close to this radius even as the mass accretion rate increases further. The signature of this evolution would be a QPO with a kilohertz frequency that at first increases steeply with countrate but then remains constant as the countrate continues to increase. If such a signature is observed and this interpretation is confirmed, it would provide the first direct evidence of the existence of a marginally stable orbit around a relativistic star, a key prediction of strong-field general relativity.
Conclusions
The sonic-point model explains naturally the most important features of the kilohertz QPOs observed in the atoll sources, including their frequencies, large amplitudes, and high coherence, the frequent appearance of a pair of QPOs with similar FWHM, and the dependence of the QPO amplitude on photon energy. An attractive feature of the sonic-point model is that the magnetic fields, accretion rates, and scattering optical depths that it requires are consistent with the values of these quantities that have been inferred from observations and modeling of the X-ray spectra and lower-frequency X-ray variability of these sources.
If the sonic-point model is correct, we expect that the rms amplitude of the kilohertz QPOs should be roughly anticorrelated with the magnetic field of the neutron star and hence that (1) kilohertz QPOs will be absent or very weak in the GX group of atoll sources and the Cyg-like Z sources (Cyg X-2, GX 5−1, and GX 340+0) and (2) the positive correlation of rms amplitude with hard color shown in Figure 7 for four sources will be found to be generally valid for sources showing kilohertz QPOs. We also expect that (3) if kilohertz QPOs are seen in the tails of X-ray bursts, their frequencies will tend to be lower when the countrate is higher and (4) weak oscillations will be detected at frequencies other than the sonic-point Keplerian frequency and the difference between the Keplerian and spin frequencies (e.g., at the sum frequency ν Ks + ν spin ), at detection thresholds several times lower than current thresholds.
At a lower level of certainty, the sonic-point model suggests that (1) the dependence of QPO amplitude on photon energy will change as the X-ray spectrum of the source changes, (2) the FWHM of the higher frequency QPO in a pair will usually be similar to the FWHM of the lower frequency QPO, (3) the amplitude of the higher-frequency QPO will drop relative to the amplitude of the lower-frequency QPO at high luminosities, and (4) the lower-frequency QPO can be entirely absent in some sources, and will typically be weaker or absent when the luminosity is at its lowest. Finally, we stress that if the sonic-point Keplerian and beat-frequency interpretation of the high-frequency QPOs is confirmed, the frequencies of these QPOs will provide significant new constraints on the equation of state of matter at high densities and a new way to measure the masses and radii of neutron stars.
It is a pleasure to thank Phil Kaaret, Vicky Kalogera, Ed Morgan, Michiel van der Klis, Tod Strohmayer, Tom Baumgarte, Stu Shapiro, and Tomek Bulik for useful discussions. We especially thank Rudy Wijnands for providing the PCA response matrix and the X-ray spectral data used to compute the X-ray colors plotted in Figure 7 , and Greg Cook for providing the mass-radius relations for the equations of state plotted in Figure 8 . This work was supported in part by NSF grant AST 93-15133 and NASA grant 5-2925 at the University of Illinois, NASA grant NAG 5-2868 at the University of Chicago, and through the Compton Gamma-Ray Observatory Fellowship Program, by NASA grant NAS 5-28543. Fig. 1 .-Parameter space of polar magnetic field vs. mass accretion rate (in units of the Eddington mass accretion rateṀ E that produces an Eddington luminosity) for neutron star LMXBs. The dotted lines, plotted using equation (1), show the polar dipole magnetic field such that at the given accretion rate the Keplerian frequency at the inner edge of the Keplerian flow is 500 Hz (top line) or 1100 Hz (bottom line). The break atṀ = 0.3Ṁ E is illustrative, and shows the effect of the expected transition from gas-pressure-dominated flow at low accretion rates to radiation-pressure-dominated flow at high accretion rates. The solid lines, plotted using equation (2) for electron temperatures kT e = 5 keV (top line) and kT E = 15 keV (bottom line), divide the B-Ṁ plane into the regions where the dominant source of soft photons is cyclotron emission (above the line) or thermal emission from the neutron star (below the line). The labels "4U", "GX", and "Z" indicate the approximate regions in the B-Ṁ plane occupied, respectively, by 4U atoll sources, GX atoll sources, and Z sources. These curves were calculated assuming a neutron star mass M = 1.4 M ⊙ , effective cyclotron photosphere radius R cy = 1.5 × 10 6 cm, and scattering optical depth τ = 6. Masses, radii, or optical depths other than these can shift the curves by as much as ∼ 50% in magnetic field for a given accretion rate. The stream from a given clump actually spirals around the star several times before colliding with the stellar surface. The darker parts of the stream denote the peaks in the mass flux in the stream generated by the periodic increase in the radiation drag force at the difference between the sonic-point Keplerian frequency and the stellar rotation frequency. Fig. 3 .-Angular momentum per unit mass u φ (in units of the gravitational mass M) for a circular orbit in a stationary, axisymmetric spacetime, versus the Boyer-Lindquist radius of the orbit. The top axis shows the radius in kilometers, assuming M = 1.4 M ⊙ . The solid curve is for a nonrotating star, whereas the dashed curve is for a star with dimensionless angular momentum j ≡ J/M 2 = 0.1, which is appropriate for a neutron star of mass 1.4 M ⊙ , radius 10 km, and rotational frequency of 300 Hz as seen at infinity. The specific angular momentum is a minimum at the marginally stable orbit (R ms = 6 M for j = 0, R ms = 5.7 M for j = 0.1), and changes by less than 10% between 10 km and 20 km, where we expect that radiation forces create a sonic point in the disk flow. Fig. 4. -(a) Locally measured radial (solid line) and azimuthal (dotted line) velocity profiles of an element of gas spiraling in under the influence of radiation forces, calculated using the test particle code of . The top axis shows the radius in kilometers, assuming M = 1.4 M ⊙ . At r > 9M the gas is assumed to drift slowly inward (v r = 10 −4 ) because of shear stresses in the accretion disk. At r < 9M the gas is exposed to radiation from the neutron star, and inside 9M the gas spirals quickly down to the surface of the star at 4M. In this calculation we assume a j value (see Figure 3 ) of 0.1 and that the star emits a total luminosity L = 0.02 L E from a uniformly emitting band of vertical half-width 0.1 R. The downturn in the azimuthal velocity at 9M results from the removal of angular momentum by radiation forces. Although the azimuthal velocity changes only slightly at 9M, the radial velocity increases abruptly. The rapid increase in radial velocity is highlighted in (b), which shows a closeup of the spiral near 9M. The sound speed, c s = 10 −3 c, is denoted by a dashed line. This figure shows that the transition from subsonic to supersonic flow occurs over a very small range of radii, in this case within a radial distance ∆r < 4 × 10 −3 M.
Fig. 5.-Attenuation factor
A ∞ /A 0 by which the amplitude of a luminosity oscillation (solid line) and a beaming oscillation (dashed and dotted lines; here we assume a pencil beam), is reduced by Thomson scattering, as a function of the total optical depth of the cloud, for a uniform, spherical cloud of radius R = 3 × 10 6 cm. Here the frequencies have been chosen to represent a hypothetical LMXB with a sonic-point Keplerian frequency ν Ks =1100 Hz and a stellar rotation rate ν spin =300 Hz. Thus, the frequency of the luminosity oscillation at the beat frequency is 800 Hz and the sum frequency, which is a beaming oscillation, is 1400 Hz. Only strong beaming oscillations are observable outside a scattering cloud like that thought to surround the atoll and Z sources, whereas even weak luminosity oscillations can still be observed outside such a cloud. Zhang et al. (1996) was published. The dotted curve shows the variation of the rms amplitude with photon energy due to the optical depth variations expected in the sonic-point model (see text). This curve is not a fit; instead, for illustrative purposes we have assumed (consistent with the unified model of neutron star LMXBs) that the input spectrum is a blackbody of temperature kT = 0.6 keV and that the Comptonizing corona has a temperature kT = 9 keV and an optical depth that varies from τ = 3 to τ = 3.3. In the unified model, changes in the energy spectrum depend on changes in the average optical depth and temperature of the corona, so we expect the dependence of amplitude on photon energy to change as the spectrum changes. Fig. 7 .-Measured amplitudes of the high-frequency QPOs seen in Sco X-1, 4U 1735−444, 4U 1636−536, and 4U 0614+091 plotted against the PCA X-ray hard colors (defined as the ratio of the counts in the 7-20 keV bin to the counts in the 5-7 keV bin) of these sources. The range of hard colors for Sco X-1 is that near the soft vertex, and the range of hard colors for 4U 1636−536 has been artificially extended to reflect possible systematic errors in the PCA response caused by gain changes. In neutron star LMXBs, the X-ray hard color is found to be greater for sources with weaker magnetic fields (Psaltis et al. 1995; , so the correlation evident in this figure is striking confirmation that the amplitudes of these QPOs are lower for sources with stronger magnetic fields. The PCA colors were kindly provided to us by Rudy Wijnands. In this figure we assume that the neutron star is not rotating. The diagonal dotted line gives the mass of a star with a radius equal to R ms . The dashed lines give the mass for a given radius such that the Keplerian frequency equals the listed frequency: here 1171 Hz is the highest QPO frequency yet observed (from 4U 1636−536), and three higher frequencies are given for comparison. The horizontal parts of the dashed lines indicate that for R < R ms the observed frequency is the Keplerian frequency at R ms , which thus does not change with radius for a given mass. The light solid lines show the mass-radius relations for five representative equations of state: A (Pandharipande 1971) , FPS (Lorenz, Ravenhall, & Pethick 1993) , UU (Wiringa, Fiks, & Fabrocini 1988) , L (Pandharipande & Smith 1975b) , and M (Pandharipande & Smith 1975a) . To be viable, an equation of state must produce a mass-radius curve that intersects the pie-slice shaped region between the vertical axis and the dashed curve that corresponds to the highest Keplerian frequency observed in any source. Thus, for example, observation of a 1300 Hz Keplerian frequency would rule out equations of state L and M. For a given source, the mass and radius must fall in the pie-slice shaped region for the highest frequency seen from that source. For example, the observation of a 1171 Hz QPO from 4U 1636−536 implies that the neutron star in 4U 1636−536 has a mass M < 1.9 M ⊙ and a radius R < 17 km (independent of the equation of state), and that if equation of state M is correct then the neutron star has a mass M > 1.7 M ⊙ . The mass-radius relations were kindly provided to us by Greg Cook. 
